The Mishchenko-Fomenko theorem on superintegrable Hamiltonian systems is generalized to superintegrable Hamiltonian systems with noncompact invariant submanifolds. It is formulated in the case of globally superintegrable Hamiltonian systems which admit global generalized actionangle coordinates. The well known Kepler system falls into two different globally superintegrable systems with compact and noncompact invariant submanifolds.
Introduction
Let (Z, Ω) be a 2n-dimensional connected symplectic manifold. Given a superintegrable system F = (F 1 , . . . , F k ), n ≤ k < 2n, (1.1) on (Z, Ω) (Definition 2.1), the well known Mishchenko -Fomenko theorem (Theorem 2.6) states the existence of (semi-local) generalized action-angle coordinates around its connected compact invariant submanifold [2, 4, 18] . If k = n, this is the case of completely integrable systems (Definition 2.2). The Mishchenko -Fomenko theorem has been extended to superintegrable systems with noncompact invariant submanifolds (Theorem 2.5) [6] . These submanifolds are diffeomorphic to a toroidal cylinder
Partially and completely integrable systems with noncompact invariant submanifolds were studied in [6, 10, 24] . Our goal here is the following. We formulate Theorem 2.5 in the case of globally superintegrable Hamiltonian systems, which admit global generalized action-angle coordinates (Definition 4.1, Theorem 4.4). Herewith, Theorem 4.2 establishes the sufficient condition of the existence of global generalized action-angle coordinates [7] (see [3, 4] for the case of compact invariant submanifolds).
Note that the Mishchenko -Fomenko theorem is mainly applied to superintegrable systems whose integrals of motion form a compact Lie algebra. The group generated by flows of their Hamiltonian vector fields is compact. Since a fibration of a compact manifold possesses compact fibers, invariant submanifolds of such a superintegrable system are compact. With Theorems 2.5 and 4.4, one can describe superintegrable Hamiltonian system with an arbitrary Lie algebra of integrals of motion.
It may happen that a Hamiltonian system falls into different superintegrable Hamiltonian systems on different open subsets of a symplectic manifold. This is just the case of the Kepler system considered in Section 7. It contains two different globally superintegrable systems on different open subsets of a phase space R 4 . Their integrals of motion form the Lie algebras so(3) and so(2, 1) with compact and non-compact invariant submanifolds, respectively.
The Mishchenko -Fomenko theorem in a general setting
Throughout the paper, all functions and maps are smooth, and manifolds are real smooth and paracompact. We are not concerned with the real-analytic case because a paracompact real-analytic manifold admits the partition of unity by smooth functions. As a consequence, sheaves of modules over real-analytic functions need not be acyclic that is essential for our consideration. If k > n, the matrix s is necessarily nonzero. Therefore, superintegrable systems also are called noncommutative completely integrable systems. If k = 2n − 1, a superintegrable system is called maximally superintegrable.
The following two assertions clarify the structure of superintegrable systems [4, 6] .
Proposition 2.3. Given a symplectic manifold (Z, Ω), let F : Z → N be a fibered manifold such that, for any two functions f , f ′ constant on fibers of F , their Poisson bracket {f, f ′ } is so. Then N is provided with an unique coinduced Poisson structure {, } N such that F is a Poisson morphism [23] .
Since any function constant on fibers of F is a pull-back of some function on N, the superintegrable system (1.1) satisfies the condition of Proposition 2.3 due to item (ii) of Definition 2.1. Thus, the base N of the fibration (2.1) is endowed with a coinduced Poisson structure of corank m. With respect to coordinates x i in item (i) of Definition 2.1 its bivector field reads
Proposition 2.4. Given a fibered manifold F : Z → N in Proposition 2.3, the following conditions are equivalent [4, 15] : (i) the rank of the coinduced Poisson structure {, } N on N equals 2dim N − dim Z, (ii) the fibers of F are isotropic, (iii) the fibers of F are maximal integral manifolds of the involutive distribution spanned by the Hamiltonian vector fields of the pull-back F * C of Casimir functions C of the coinduced Poisson structure (2.3) on N.
It is readily observed that the fibered manifold F (2.1) obeys condition (i) of Proposition 2.4 due to item (iii) of Definition 2.1, namely, k − m = 2(k − n).
Fibers of the fibered manifold F (2.1) are called the invariant submanifolds.
Remark 2.1. In many physical models, condition (i) of Definition 2.1 fails to hold. Often, it is replaced with that a subset Z R ⊂ Z of regular points (where
is open and dense. Let M be an invariant submanifold through a regular point z ∈ Z R ⊂ Z. Then it is regular, i.e., M ⊂ Z R . Let M admit a regular open saturated neighborhood U M (i.e., a fiber of F through a point of U M belongs to U M ). For instance, any compact invariant submanifold M has such a neighborhood U M . The restriction of functions F i to U M defines a superintegrable system on U M which obeys Definition 2.1. In this case, one says that a superintegrable system is considered around its invariant submanifold M.
Given a superintegrable system in accordance with Definition 2.1, the above mentioned generalization of the Mishchenko -Fomenko theorem to noncompact invariant submanifolds states the following [6] . Theorem 2.5. Let the Hamiltonian vector fields ϑ i of the functions F i be complete, and let the fibers of the fibered manifold F (2.1) be connected and mutually diffeomorphic. Then the following hold.
(I) The fibers of F (2.1) are diffeomorphic to a toroidal cylinder (1.2).
(II) Given a fiber M of F (2.1), there exists its open saturated neighborhood U which is a trivial principal bundle with the structure group (1.2).
(III) The neighborhood U is provided with the bundle (generalized action-angle) coordinates (I λ , p s , q s , y λ ), λ = 1, . . . , m, s = 1, . . . , n − m, such that (i) the action coordinates (I λ ) are values of Casimir functions of the coinduced Poisson structure {, } N on F (U), (ii) the generalized angle coordinates (y λ ) are coordinates on a toroidal cylinder, and (iii) the symplectic form Ω on U reads
Proof. It follows from item (iii) of Proposition 2.4 that every fiber M of the fibered manifold (2.1) is a maximal integral manifold of the involutive distribution spanned by the Hamiltonian vector fields υ λ of the pull-back
It is an open saturated neighborhood of M. Consequently, invariant submanifolds of a superintegrable system (1.1) on U M are maximal integral manifolds of the partially integrable system Remark 2.5. In Theorem 2.6, the Hamiltonian vector fields υ λ are complete because fibers of the fibered manifold F (2.1) are compact. As well known, any vector field on a compact manifold is complete.
If F (1.1) is a completely integrable system, the coinduced Poisson structure on N equals zero, and the generating functions F i are the pull-back of n independent functions on N. Then Theorems 2.6 and 2.5 come to the Liouville -Arnold theorem [1, 14] and its generalization (Theorem 2.7) to the case of noncompact invariant submanifolds [5, 11] , respectively. In this case, the partially integrable system C * (2.5) is exactly the original completely integrable system F . Theorem 2.7. Given a completely integrable system F in accordance with Definition 2.2, let the Hamiltonian vector fields ϑ i of the functions F i be complete, and let the fibers of the fibered manifold F (2.1) be connected and mutually diffeomorphic. Then items (I) and (II) of Theorem 2.5 hold, and its item (III) is replaced with the following one.
(III') The neighborhood U is provided with the bundle (generalized action-angle) coordinates (I λ , y λ ), λ = 1, . . . , n, such that the angle coordinates (y λ ) are coordinates on a toroidal cylinder, and the symplectic form Ω on U reads
Turn now to above mentioned Theorem 2.8. Recall that a collection {S 1 , . . . , S m } of m ≤ n independent smooth real functions in involution on a symplectic manifold (Z, Ω) is called a partially integrable system. Let us consider the map
Since functions S λ are everywhere independent, this map is a submersion onto a domain W ⊂ R m , i.e., S (2.8) is a fibered manifold of fiber dimension 2n − m. Hamiltonian vector fields v λ of functions S λ are mutually commutative and independent. Consequently, they span an m-dimensional involutive distribution on Z whose maximal integral manifolds constitute an isotropic foliation F of Z. Because functions S λ are constant on leaves of this foliation, each fiber of a fibered manifold Z → W (2.8) is foliated by the leaves of the foliation F . If m = n, we are in the case of a completely integrable system, and leaves of F are connected components of fibers of the fibered manifold (2.8). The Poincaré -Lyapounov -Nekhoroshev theorem [8, 19] generalizes the Liouville -Arnold one to a partially integrable system if leaves of the foliation F are compact. It imposes a sufficient condition which Hamiltonian vector fields v λ must satisfy in order that the foliation F is a fibered manifold [8, 9] . Extending the Poincaré -Lyapounov -Nekhoroshev theorem to the case of noncompact invariant submanifolds, we in fact assume from the beginning that these submanifolds form a fibered manifold [10, 11] . Theorem 2.8. Let a partially integrable system {S 1 , . . . , S m } on a symplectic manifold (Z, Ω) satisfy the following conditions.
(i) The Hamiltonian vector fields v λ of S λ are complete.
(ii) The foliation F is a fibered manifold
whose fibers are mutually diffeomorphic.
Then the following hold.
(I) The fibers of F are diffeomorphic to a toroidal cylinder (1.2).
(II) Given a fiber M of F , there exists its open saturated neighborhood U which is a trivial principal bundle with the structure group (1.2).
(III) The neighborhood U is provided with the bundle (generalized action-angle) coordinates
such that: (i) the action coordinates (I λ ) (3.13) are expressed into the values of the functions (S λ ), (ii) the angle coordinates (y λ ) (3.13) are coordinates on a toroidal cylinder, and (iii) the symplectic form Ω on U reads
Proof. See Section 3 for the proof. 2
If one supposes from the beginning that leaves of the foliation F are compact, the conditions of Theorem 2.8 can be replaced with that F is a fibered manifold due to the following. Proposition 2.9. Any fibered manifold whose fibers are diffeomorphic either to R r or a connected compact manifold K is a fiber bundle [17] .
Proof of Theorem 2.8
(I) In accordance with the well-known theorem [20, 21] , complete Hamiltonian vector fields v λ define an action of a simply connected Lie group G on Z. Because vector fields v λ are mutually commutative, it is the additive group R m whose group space is coordinated by parameters s λ of the flows with respect to the basis {e λ = v λ } for its Lie algebra. The orbits of the group R m in Z coincide with the fibers of a fibered manifold F (2.9). Since vector fields v λ are independent everywhere on U, the action of R m in Z is locally free, i.e., isotropy groups of points of Z are discrete subgroups of the group R m . Given a point x ∈ π(U), the action of R m in the fiber
through the free transitive action in M x of the factor group G x = R m /K x , where K x is the isotropy group of an arbitrary point of M x . It is the same group for all points of M x because R m is a commutative group. Clearly, M x is diffeomorphic to the group space of G x . Since the fibers M x are mutually diffeomorphic, all isotropy groups K x are isomorphic to the group Z r for some fixed 0 ≤ r ≤ m. Accordingly, the groups G x are isomorphic to the additive group R m−r × T r . This proves statement (I) of Theorem 2.8. (II) Because F is a fibered manifold, one can always choose an open fibered neighborhood U of its fiber M such that π(U) is a domain and a fibered manifold
admits a section σ. Let us bring the fibered manifold (3.2) into a principal bundle with the structure group G 0 , where we denote {0} = π(M). For this purpose, let us determine isomorphisms ρ x : G 0 → G x of the group G 0 to the groups G x , x ∈ π(U). Then a desired fiberwise action of G 0 in U is defined by the law
Generators of each isotropy subgroup K x of R m are given by r linearly independent vectors of the group space R m . One can show that there exist ordered collections of generators (v 1 (x), . . . , v r (x)) of the groups K x such that x → v i (x) are smooth R m -valued fields on π(U). Indeed, given a vector v i (0) and a section σ of the fibered manifold (3.2), each field
is the unique smooth solution of the equation
on an open neighborhood of {0}. Let us consider the decomposition
where C 
is a unique linear morphism of the vector space R m which transforms the frame v λ (0) = {e a , v i (0)} into the frame v λ (x) = {e a , v i (x)}. Since it also is an automorphism of the group R m sending K 0 onto K x , we obtain a desired isomorphism ρ x of the group G 0 to the group G x . Let an element g of the group G 0 be the coset of an element g(s λ ) of the group R m . Then it acts in M x by the rule (3.3) just as the element g((A −1 x ) λ β s β ) of the group R m does. Since entries of the matrix A x (3.4) are smooth functions on π(U), this action of the group G 0 in U is smooth. It is free, and U/G 0 = π(U). Then the fibered manifold U → π(U) is a trivial principal bundle with the structure group G 0 .
(III) Given a section σ of the principal bundle U → π(U), its trivialization U = π(U)×G 0 is defined by assigning the points ρ −1 (g x ) of the group space G 0 to the points g x σ(x), g x ∈ G x , of a fiber M x . Let us endow G 0 with the standard coordinate atlas (r λ ) = (t a , ϕ i ) of the group R m−r × T r . Then we provide U with the trivialization
with respect to the fiber coordinates (t a , ϕ i ). The vector fields v λ on U relative to these coordinates read
In order to specify coordinates on the base π(U) of the trivial bundle (3.5), let us consider the fibered manifold S (2.8). It factorizes as
through the fiber bundle π. The map π ′ also is a fibered manifold. One can always restrict the domain π(U) to a chart of the fibered manifold π ′ , say π(U) again. Then π(U) → S(U) is a trivial bundle π(U) = S(U) × V , and so is U → S(U). Thus, we have the composite bundle
Let us provide its base S(U) with the coordinates (J λ ) such that
Then π(U) can be equipped with the bundle coordinates (J λ , x A ), A = 1, . . . , 2(n − m), and (J λ , x A , t a , ϕ i ) are coordinates on U (3.7). Since fibers of U → π(U) are isotropic, a symplectic form Ω on U relative to the coordinates (J λ , x A , r λ ) reads
The Hamiltonian vector fields v λ = v µ λ ∂ µ (3.6) obey the relations v λ ⌋Ω = −dJ λ which result in the coordinate conditions
The first of them shows that Ω α β is a non-degenerate matrix independent of coordinates y λ . Then the second one implies that Ω Aβ = 0.
By virtue of the well-known Künneth formula for the de Rham cohomology of manifold products, the closed form Ω (3.9) is exact, i.e., Ω = dΞ where the Liouville form Ξ is
Since Ξ a = 0 and Ξ i are independent of ϕ i , it follows from the relations
that Ξ A are independent of coordinates t a and are at most affine in ϕ i . Since ϕ i are cyclic coordinates, Ξ A are independent of ϕ i . Hence, Ξ i are independent of coordinates x A , and the Liouville form reads
Because entries Ω α β of dΞ = Ω are independent of r λ , we obtain the following.
Consequently, ∂ i Ξ λ are independent of ϕ i , and so are Ξ λ since ϕ i are cyclic coordinates. Hence, Ω λ i = ∂ λ Ξ i and ∂ i ⌋Ω = −dΞ i . A glance at the last equality shows that ∂ i are Hamiltonian vector fields. It follows that, from the beginning, one can separate r generating functions on U, say S i again, whose Hamiltonian vector fields are tangent to invariant tori. In this case, the matrix B in the expressions (3.4) and (3.6) vanishes, and the Hamiltonian vector fields v λ (3.6) read
Moreover, the coordinates t a are exactly the flow parameters s a . Substituting the expressions (3.12) into the first condition (3.10), we obtain
It follows that Ξ i are independent of J a , and so are
In view of items (i) -(ii), the Liouville form Ξ (3.11) reads
Since the matrix ∂ k Ξ i is non-degenerate, we can perform the coordinate transformations
These transformations bring Ω into the form
Since functions I λ are in involution and their Hamiltonian vector fields ∂ λ mutually commute,
. . , n − m, such that the symplectic form Ω (3.14) is given by the expression Ω = dI λ ∧ dy λ + dp s ∧ dq s .
(3.15)
Here, y λ (I λ , x A , r ′α ) are local functions
on U z . With the group G, one can extend these functions to the open neighborhood
Substituting the functions (3.16) on U into the expression (3.14), one brings the symplectic form Ω into the canonical form (3.15) on U.
Globally superintegrable systems
To study a superintegrable system, one conventionally considers it with respect to generalized action-angle coordinates. A problem is that, restricted to an action-angle coordinate chart on an open subbundle U of the fibered manifold Z → N (2.1), a superintegrable system becomes different from the original one since there is no morphism of the Poisson algebra
Moreover, a superitegrable system on U need not satisfy the conditions of Theorem 2.5 because it may happen that the Hamiltonian vector fields of the generating functions on U are not complete. To describe superintegrable systems in terms of generalized action-angle coordinates, we therefore follow the notion of a globally superintegrable system. 
It is readily observed that the semi-local generalized action-angle coordinates on U in Theorem 2.5 are global in accordance with Definition 4.1.
Forthcoming Theorem 4.2 provides the sufficient conditions of the existence of global generalized action-angle coordinates of a superintegrable system on a symplectic manifold (Z, Ω) [7] . 
In particular, it follows that transition functions of coordinates x A on N are independent of coordinates J λ , i.e., C : V → W is a trivial bundle. By virtue of Lemma 5.1 below, the symplectic form (4.4) is exact, i.e., Ω = dΞ, where the Liouville form Ξ (5.7) is
Then the coordinate transformations (5.8): A on the symplectic leaves of U. Note that, if invariant submanifolds of a superintegrable system are assumed to be connected and compact, condition (i) of Theorem 4.2 is unnecessary since vector fields v λ on compact fibers of F are complete. Condition (ii) also holds by virtue of Proposition 2.9. In this case, Theorem 4.2 reproduces the well known result in [3] .
If F in Theorem 4.2 is a completely integrable system, the coinduced Poisson structure on N equals zero, the generating functions F i are the pull-back of n independent functions on N, and Theorem 4.2 coincides with Theorem 4 in [7] .
Turn now to the above mentioned Theorem 4.3. (I) The fiber bundle F is a trivial principal bundle with the structure group (1.2), and we have a composite fibered manifold
where N → W however need not be a fiber bundle.
(II) The fibered manifold (4.7) is provided with the fibered generalized action-angle coordinates
such that: (i) the action coordinates (I λ ) (5.8) are expressed into the values of the functions (S λ ) and they possess identity transition functions, (ii) the angle coordinates (y λ ) (5.8) are coordinates on a toroidal cylinder, (iii) the symplectic form Ω on U reads
Proof. See Section 5 for the proof. 2
It follows from the proof of Theorem 4.3 that its condition (iii) and, accordingly, condition (iii) of Theorem 4.2 guarantee that fiber bundles F in conditions (ii) of these theorems are trivial. Therefore, Theorem 4.2 can be reformulated as follows.
Theorem 4.4.
A superintegrable system F on a symplectic manifold (Z, Ω) is globally superintegrable iff the following conditions hold.
(i) The fibered manifold F (2.1) is a trivial fiber bundle.
(ii) The coinduced Poisson structure {, } N on a base N admits m independent Casimir functions C λ such that Hamiltonian vector fields of their pull-back F * C λ are complete. 
Proof of Theorem 4.3
Following part (I) of the proof of Theorem 2.8, one can show that a typical fiber of the fiber bundle (4.6) is the toroidal cylinder (1.2).
Let us bring the fiber bundle (4.6) into a principal bundle with the structure group (1.2). Generators of each isotropy subgroup K x of R m are given by r linearly independent vectors u i (x) of the group space R m . These vectors are assembled into an r-fold covering K → N. This is a subbundle of the trivial bundle
whose local sections are local smooth sections of the fiber bundle (5.1). Such a section over an open neighborhood of a point x ∈ N is given by a unique local solution s λ (x ′ )e λ of the equation
where σ is an arbitrary local section of the fiber bundle Z → N over an open neighborhood of x. Since N is simply connected, the covering K → N admits r everywhere different global sections u i which are global smooth sections u i (x) = u λ i (x)e λ of the fiber bundle (5.1). Let us fix a point of N further denoted by {0}. One can determine linear combinations of the functions S λ , say again S λ , such that u i (0) = e i , i = m − r, . . . , m, and the group G 0 is identified to the group R m−r × T r . Let E x denote the r-dimensional subspace of R m passing through the points u 1 (x), . . . , u r (x). The spaces E x , x ∈ N, constitute an r-dimensional subbundle E → N of the trivial bundle (5.1). Moreover, the latter is split into the Whitney sum of vector bundles E ⊕ E ′ , where
. Then there is a global smooth section γ of the trivial principal bundle N × GL(m, R) → N such that γ(x) is a morphism of E 0 onto E x , where u i (x) = γ(x)(e i ) = γ λ i e λ . This morphism also is an automorphism of the group R m sending K 0 onto K x . Therefore, it provides a group isomorphism ρ x : G 0 → G x . With these isomorphisms, one can define the fiberwise action of the group G 0 on Z given by the law
Namely, let an element of the group G 0 be the coset g(s λ )/K 0 of an element g(s λ ) of the group R m . Then it acts on M x by the rule (5.2) just as the coset g((γ(x)
Since entries of the matrix γ are smooth functions on N, the action (5.2) of the group G 0 on Z is smooth. It is free, and Z/G 0 = N. Thus, Z → N (4.6) is a principal bundle with the structure group G 0 = R m−r × T r . Furthermore, this principal bundle over a paracompact smooth manifold N is trivial as follows. In accordance with the well-known theorem [13] , its structure group G 0 (1.2) is reducible to the maximal compact subgroup T r , which also is the maximal compact subgroup of the group product r × GL (1, C) . Therefore, the equivalence classes of T r -principal bundles ξ are defined as
by the Chern classes c 1 (ξ i ) ∈ H 2 (N, Z) of U(1)-principal bundles ξ i over N [13] . Since the cohomology group H 2 (N, Z) of N is trivial, all Chern classes c 1 are trivial, and the principal bundle Z → N over a contractible base also is trivial. This principal bundle can be provided with the following coordinate atlas.
Let us consider the fibered manifold S : Z → W (2.8). Because functions S λ are constant on fibers of the fiber bundle Z → N (4.6), the fibered manifold (2.8) factorizes through the fiber bundle (4.6), and we have the composite fibered manifold (4.7). Let us provide the principal bundle Z → N with a trivialization
whose fibers are endowed with the standard coordinates (r λ ) = (t a , ϕ i ) on the toroidal cylinder (1.2). Then the composite fibered manifold (4.7) is provided with the fibered coordinates The Hamiltonian vector fields v λ on Z relative to the coordinates (5.4) take the form
Since these vector fields commute (i.e., fibers of Z → N are isotropic), the symplectic form Ω on Z reads
Lemma 5.1. The symplectic form Ω (5.6) is exact.
Proof. In accordance with the well-known Künneth formula, the de Rham cohomology group of the product (5.3) reads
By the de Rham theorem [13] , the de Rham cohomology H 2 (N) is isomorphic to the cohomology H 2 (N, R) of N with coefficients in the constant sheaf R. It is trivial since
. Then the closed form Ω (5.6) is exact since it does not contain the term
Thus, we can write
Up to an exact summand, the Liouville form Ξ (5.7) is brought into the form
i.e., it does not contain the term Ξ a dt a . The Hamiltonian vector fields v λ (5.5) obey the relations v λ ⌋Ω = −dJ λ , which result in the coordinate conditions (3.10). Then following the proof of Theorem 2.8, we can show that a symplectic form Ω on Z is given by the expression (4.8) with respect to the coordinates
Superintegrable Hamiltonian systems
In autonomous (symplectic) Hamiltonian mechanics, one considers superintegrable systems whose generating functions are integrals of motion, i.e., they are in involution with a Hamiltonian H, and the functions (H, F 1 , . . . , F k ) are nowhere independent, i.e.,
.
In order that an evolution of Hamiltonian system can be defined at any instant t ∈ R, one supposes that the Hamiltonian vector field of its Hamiltonian is complete. By virtue of Remark 4.1 and forthcoming Proposition 6.1, a Hamiltonian of a superintegrable system always satisfies this condition.
Proposition 6.1. It follows from the equality (6.2) that a Hamiltonian H is constant on the invariant submanifolds. Therefore, it is the pull-back of a function on N which is a Casimir function of the Poisson structure (2.3) because of the conditions (6.1).
Proposition 6.1 leads to the following. Proposition 6.2. Let H be a Hamiltonian of a globally superintegrable system provided with the generalized action-angle coordinates (I λ , x A , y λ ) (4.1). Then a Hamiltonian H depends only on the action coordinates I λ . Consequently, the equations of motion of a globally superintergable system take the forṁ
Following the original Mishchenko-Fomenko theorem, let us mention superintegrable systems whose generating functions {F 1 , . . . , F k } form a k-dimensional real Lie algebra G of corank m with the commutation relations
Then F (2.1) is a momentum mapping of Z to the Lie coalgebra G * provided with the coordinates x i in item (i) of Definition 2.1 [11, 12] . In this case, the coinduced Poisson structure {, } N coincides with the canonical Lie-Poisson structure on G * given by the Poisson bivector field
Let Remark 6.1. Let Hamiltonian vector fields ϑ i of the generating functions F i which form a Lie algebra G be complete. Then they define a locally free Hamiltonian action on Z of some simply connected Lie group G whose Lie algebra is isomorphic to G [20, 21] . Orbits of G coincide with k-dimensional maximal integral manifolds of the regular distribution V on Z spanned by Hamiltonian vector fields ϑ i [22] . Furthermore, Casimir functions of the Lie-Poisson structure on G * are exactly the coadjoint invariant functions on G * . They are constant on orbits of the coadjoint action of G on G * which coincide with leaves of the symplectic foliation of G * . 
Kepler system
We consider the Kepler system on a plane R 2 . Its phase space is T * R 2 = R 4 provided with the Cartesian coordinates (q i , p i ), i = 1, 2, and the canonical symplectic form Ω = i dp i ∧ dq i .
(7.1)
Let us denote
A Hamiltonian of the Kepler system reads
The Kepler system is a Hamiltonian system on a symplectic manifold
endowed with the symplectic form Ω (7.1). Let us consider the functions
on the symplectic manifold Z (7.3). It is readily observed that they are integrals of motion of the Hamiltonian H (7.2). One calls M 12 the angular momentum and (A i ) the Rung-Lenz vector. Let us denote
Let Z 0 ⊂ Z be a closed subset of points where M 12 = 0. A direct computation shows that the functions (M 12 , A i ) (7.4) -(7.5) are independent on an open submanifold
of Z. At the same time, the functions (H, M 12 , A i ) are nowhere independent on U because it follows from the expression (7.6) that
on U (7.7). The well known dynamics of the Kepler system shows that the Hamiltonian vector field of its Hamiltonian is complete on U (but not on Z). The Poisson bracket of integrals of motion M 12 (7.4) and A i (7.5) obeys the relations 10) where η ij is an Euclidean metric on R 2 . It is readily observed that these relations take the form (2.2). However, the matrix function s of the relations (7.9) -(7.10) fails to be of constant rank at points where H = 0. Therefore, let us consider the open submanifolds U − ⊂ U where H < 0 and U + where H > 0. Then we observe that the Kepler system with the Hamiltonian H (7.2) and the integrals of motion (M ij , A i ) (7.4) -(7.5) on U − and the Kepler system with the Hamiltonian H (7.2) and the integrals of motion (M ij , A i ) (7.4) -(7.5) on U + are superintegrable Hamiltonian systems. Moreover, these superintegrable systems can be brought into the form (6.3) as follows.
Let us replace the integrals of motions A i with the integrals of motion
on U − , and with the integrals of motion
(7.14)
Let us denote M i3 = −L i and put the indexes µ, ν, α, β = 1, 2, 3. Then the relations (7.13) -(7.14) are brought into the form
where η µν is an Euclidean metric on R 3 . A glance at the expression (7.15) shows that the integrals of motion M 12 (7.4) and L i (7.11) constitute the Lie algebra G = so(3). Its corank equals 1. Therefore the superintegrable system (M 12 , L i ) on U − is maximally superintegrable. The equality (7.8) takes the form
The superintegrable system (M 12 , K i ) on U + obeys the relations
(7.18) Let us denote M i3 = −K i and put the indexes µ, ν, α, β = 1, 2, 3. Then the relations (7.17) -(7.18) are brought into the form
where ρ µν is a pseudo-Euclidean metric of signature (+, +, −) on R 3 . A glance at the expression (7.19) shows that the integrals of motion M 12 (7.4) and K i (7.12) constitute the Lie algebra so(2, 1). Its corank equals 1. Therefore the superintegrable system (M 12 , K i ) on U + is maximally superintegrable. The equality (7.8) takes the form
Thus, the Kepler system on a phase space R 4 falls into two different maximally superintegrable systems on open submanifolds U − and U + of R 4 . We agree to call them the Kepler superintegrable systems on U − and U + , respectively.
Let us study the first one. Put
We have the fibered manifold 23) which is the momentum mapping to the Lie coalgebra G * = so(3) * , endowed with the coordinates (x i ) such that integrals of motion F i on G * read F i = x i . A base N of the fibered manifold (7.23 ) is an open submanifold of G * given by the coordinate condition x 3 = 0. It is a union of two contractible components defined by the conditions x 3 > 0 and x 3 < 0. The coinduced Lie-Poisson structure on N takes the form
The coadjoint action of so(3) on N reads
The orbits of this coadjoint action are given by the equation
They are the level surfaces of the Casimir function
and, consequently, the Casimir function
A glance at the expression (7.16) shows that the pull-back F * h of this Casimir function (7.25) onto U − is the Hamiltonian H (7.2) of the Kepler system on U − .
As was mentioned above, the Hamiltonian vector field of F * h is complete. Furthermore, it is known that invariant submanifolds of the superintegrable Kepler system on U − are compact. Therefore, the fibered manifold F (7.23) is a fiber bundle in accordance with Proposition 2.9. Moreover, this fiber bundle is trivial because N is a disjoint union of two contractible manifolds. Consequently, it follows from Theorem 4.4 that the Kepler superintegrable system on U − is globally superintegrable, i.e., it admits global generalized action-angle coordinates as follows.
The Poisson manifold N (7.23) can be endowed with the coordinates
defined by the equalities
It is readily observed that the coordinates (7.26) are the Darboux coordinates of the LiePoisson structure (7.24) on U − , namely,
Let ϑ I be the Hamiltonian vector field of the Casimir function I (7.26). By virtue of Proposition 2.4, its flows are invariant submanifolds of the Kepler superintegrable system on U − . Let α be a parameter along the flows of this vector field, i.e.,
Then N is provided with the generalized action-angle coordinates (I, x 1 , γ, α) such that the Poisson bivector associated to the symplectic form Ω on N reads
Accordingly, Hamiltonian vector fields of integrals of motion F i (7.21) take the form
A glance at these expressions shows that the vector fields ϑ 1 and ϑ 2 fail to be complete on U − (see Remark 2.4). One can say something more about the angle coordinate α. The vector field ϑ I (7.28 reads
This equality leads to the relations
which take the form of the Hamilton equations. Therefore, the coordinate α is a cyclic time α = t mod2π given by the well-known expression α = φ − a 3/2 e sin(a −3/2 φ), r = a(1 − e cos(a −3/2 φ)) a = − 1 2I , e = (1 + 2IM 2 ) 1/2 . Now let us turn to the Kepler superintegrable system on U + . It is a globally superintegrable system with noncompact invariant submanifolds as follows.
Put We have the fibered manifold S : U + → N ⊂ G * , (7.32) which is the momentum mapping to the Lie coalgebra G * = so(2, 1) * , endowed with the coordinates (x i ) such that integrals of motion S i on G * read S i = x i . A base N of the fibered manifold (7.32 ) is an open submanifold of G * given by the coordinate condition x 3 = 0. It is a union of two contractible components defined by the conditions x 3 > 0 and x 3 < 0. The coinduced Lie-Poisson structure on N takes the form
The coadjoint action of so(2, 1) on N reads
The orbits of this coadjoint action are given by the equation A glance at the expression (7.20) shows that the pull-back S * h of this Casimir function (7.34) onto U + is the Hamiltonian H (7.2) of the Kepler system on U + .
As was mentioned above, the Hamiltonian vector field of S * h is complete. Furthermore, it is known that invariant submanifolds of the superintegrable Kepler system on U + are diffeomorphic to R. Therefore, the fibered manifold S (7.32) is a fiber bundle in accordance with Proposition 2.9. Moreover, this fiber bundle is trivial because N is a disjoint union of two contractible manifolds. Consequently, it follows from Theorem 4.4 that the Kepler superintegrable system on U + is globally superintegrable, i.e., it admits global generalized action-angle coordinates as follows.
The Poisson manifold N (7.32) can be endowed with the coordinates Then N (7.32) is provided with the generalized action-angle coordinates (I, x 1 , λ, τ ) such that the Poisson bivector associated to the symplectic form Ω on U + reads Similarly to the angle coordinate α (7.28), the generalized angle coordinate τ (7.36) obeys the Hamilton equations
Therefore, it is the time τ = t given by the well-known expression τ = s − a 3/2 e sinh(a −3/2 s), r = a(e cosh(a −3/2 s) − 1) a = 1 2I , e = (1 + 2IM 2 ) 1/2 .
